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INTRODUCTION
Wheeler et al. [51] developed a coupled elasto-plastic constitutive model for unsaturated soils, which represents both mechanical behaviour and water retention behaviour, including the coupling between them. The model, originally presented solely for isotropic stress states, has subsequently been extended to general stress states (e.g. Lloret-Cabot et al. [24] ) and is referred to hereafter as the Glasgow Coupled Model (GCM). In the model, a single yield surface represents mechanical behaviour, with plastic volumetric strains In this paper it is shown that the GCM predicts unique expressions for specific volume v and degree of saturation Sr for stress states involving simultaneous mechanical yielding (occurrence of plastic compression) and wetting retention yielding (occurrence of plastic increases of Sr). These expressions for v and Sr facilitate significantly the use and interpretation of the model, including determination of model parameter values from experimental test data.
A major challenge of constitutive models for unsaturated soils is the correct representation of transitions between unsaturated and saturated conditions. The challenge of properly modelling such transitions is intimately linked to consistent consideration of retention hysteresis and to the choice of stress state variables, with particular difficulties for conventional models expressed in terms of net stresses (excess of total stress over pore air pressure) and suction (difference between pore air pressure and pore water pressure), because de-saturation during drying will not occur at zero suction and subsequent re-saturation on wetting will occur at a different value of suction. This paper shows how the GCM is able to provide consistent representation of transitions between unsaturated and saturated states, through the use of nonconventional stress state variables and proper consideration of retention hysteresis. The model gives unique expressions to predict saturation and de-saturation conditions, 4 which account for both retention hysteresis and the influence of plastic volumetric strains on retention behaviour, and it provides consistent modelling of mechanical behaviour across these transitions.
THE GLASGOW COUPLED MODEL (GCM)
The stress variables used in the GCM are "Bishops's stress" tensor σij * (sometimes also called "average soil skeleton stress", Jommi [19] ) and "modified suction" s * . The stress tensor σij * is similar to the effective stress expression proposed by Bishop in 1959 [4] but with his weighting factor  replaced by the degree of saturation (as suggested in
Schrefler [36] ). For the restricted range of stress states that apply in the triaxial test, it is sufficient to consider only mean Bishop's stress p * , deviator stress q and modified suction s * , defined as follows:
  
where p is mean total stress, uw is pore water pressure, ua is pore air pressure, σ1
and σ3 are, respectively, major and minor principal total stresses and n is porosity.
p and s are mean net stress and matric suction respectively, where p , q and s are the stress variables used in many more conventional mechanical constitutive models for unsaturated soils, such as the Barcelona Basic Model (BBM) of Alonso et al. [1] .
The stress variables p * , q and s * are work-conjugate with volumetric strain increment dεv , deviatoric strain increment dεq and decrement of degree of saturation -dSr respectively (Houlsby [18] ).
Elastic components of dεv, dεq and -dSr are given by: The model includes three yield surfaces in p * :q:s * space: a Mechanical (M) yield surface to represent mechanical behaviour (originally referred to as the Loading Collapse (LC) yield surface in Wheeler et al. [51] ) and Wetting Retention (WR) and Drying Retention (DR) yield surfaces to represent water retention behaviour (originally referred to as, respectively, the Suction Decrease (SD) and Suction Increase (SI) yield surfaces). Plastic volumetric strains and plastic deviatoric strains occur during yielding on the M surface, whereas plastic changes of degree of saturation occur during yielding on WR or DR surfaces. The re-naming of the yield surfaces from the original terminology used in [51] is to make explicit the fact that the M surface is the only one of the three describing mechanical yielding (and this can occur during loading, wetting or drying, see Lloret-Cabot et al. [25] ), whereas the other two describe retention behaviour. This contrasts with the BBM, where both LC and SI yield surfaces represent mechanical behaviour (Alonso et al. [1] ).
The equations of M, WR and DR surfaces are given respectively by: 
where  is a soil constant and p0 * , s1 * and s2 * are hardening parameters defining the current positions of the M, WR and DR yield surfaces respectively (Figure 1 ). (15) where R is a soil constant.
The special cases of the hardening laws during yielding on only a single yield surface Burland [35] 1 dp ds dp
For an isotropic stress state at the intersection between M and WR surfaces ( ** 0 pp  and ** 1 ss  ) and an isotropic stress increment remaining at this intersection ( ** 0 dp dp  where: k are soil constants given by: 
General states
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Expressions for v and Sr for any general stress state (see Point B in Figure 3) 
Critical states
The model predicts that critical states can correspond to any points at the apex of the M yield surface, such as Points D, E and F in Figure 3 . In practice, however, it will normally happen that critical states correspond to the intersection with the WR yield surface (i.e. Point D in Figure 3 ), because yielding on the M surface will cause coupled movement of the WR surface that will be sufficient to bring the WR surface to the stress point prior to arrival at a critical state. Table 1 .
A clearer view of the quality of fit shown in the three-dimensional representation presented in Figure 4 is provided by re-plotting the experimental data and best-fit surface for v in a pair of orthogonal two-dimensional views in Figure 6 , using a form of plotting where the best-fit surface is reduced to a single straight line in each of the two views. Table 2 . 24), it is necessary that κs = 0. This restriction on the value of κs is a consequence of a small inconsistency in the GCM model highlighted by Raveendiraraj [32] , which is associated with any occurrence of plastic volumetric strains while the soil is fully saturated (or fully dry), as illustrated in Figure 14 . Figure 14 shows a wetting stress path ABC, followed by a loading-unloading cycle CDE (not seen in the figure) while the soil is saturated and then a drying path EFG. The loading-unloading cycle is such that during CDE plastic volumetric strain occurs, due to yielding on the M surface, whereas for simplicity it is assumed that no plastic volumetric strains occur during either AB or FG, while the soil is unsaturated. As a consequence of the plastic volumetric strain occurring while the soil is saturated, coupled movements of the WR and DR yield surfaces occur and this means that the water retention curves translate from the positions shown by the fine continuous lines in Figure 14 to those shown by the fine dashed lines. As a consequence, whereas the soil reaches a saturated state at a value of modified suction sB * during wetting, desaturation occurs at a higher value of modified suction sF * during subsequent drying. 
where R is the soil constant defining the fixed ratio of ). During the drying path CDEF the variation of mechanical yield stress follows a 45° line until the soil de-saturates at E, and then from E to F it forms a curve again. The qualitative form of variation of mechanical yield stress shown in Figure 18b is exactly what would be expected for a soil under unsaturated and saturated conditions, where saturation occurs at a non-zero air-exclusion value of suction (point B) and de-saturation occurs at a nonzero air-entry value of suction (point E) that is higher than the air-exclusion value because of hysteresis in the retention behaviour. This variation of mechanical yield stress emerges naturally from the GCM, whereas it would be very difficult to achieve in any mechanical model expressed in terms of net stresses and suction. where both saturated and unsaturated conditions occur. In addition, the initial state of the soil must be specified for any numerical simulation, including appropriate variation of this initial state with position (e.g. with depth) in a boundary value problem.
DETERMINATION OF MODEL PARAMETER VALUES
Soil constants
The values of soil constants λ , κ and N can be determined from conventional isotropic loading and unloading stages performed in a triaxial apparatus on saturated samples. Table 3 .
Initial state
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The initial state of the soil must be specified for any numerical simulation. The methodology for determining initial state described above was applied to the tests of Sivakumar [41] , for the initial state corresponding to the start of the isotropic loading stage of those tests performed at a suction of 300 kPa ( Table 3 . The resulting initial value of Sr was 0.562 (rather than the average experimental value of 0.597) and the full calculated initial state conditions are given in Table 4 .
For simulations of boundary value problems, the initial state will typically vary with depth within a given soil layer. To represent this, the variations with depth of initial stress state and stress history in terms of net stresses ij  and suction s will first need to be estimated, using similar procedures to those employed for boundary value problems involving saturated conditions. This information will then need to be combined with the relevant GCM model equations, and the values of the 10 GCM constants for the particular soil (typically determined from laboratory test data), to estimate the variation with depth of the initial stress state in terms of Bishop's stresses Once the initial state of a boundary value problem has been specified, it is useful to express the incremental mechanical and water retention relationships of the GCM, in terms of the increments of strains  and the increments of matric suction s (see [23, 24]) because, together, they define an initial value problem that can be integrated over time at each Gauss or integration point within each finite element (i.e. local level). This is the common procedure used in the literature for finite element analysis involving unsaturated soils [5, 38, 43] , because these two increments (i.e. , s) can be easily approximated at the corresponding integration points, once the nodal displacements and pore fluid pressures increments have been found from the discretized global equations.
SIMULATIONS OF EXPERIMENTAL DATA OF SIVAKUMAR (1993)
Validation of the GCM was undertaken by performing model simulations of the experimental tests of Sivakumar [41] performed on saturated and unsaturated samples of compacted speswhite kaolin at suctions of 0, 100, 200 and 300 kPa. Model simulations of initial equalisation stages and isotropic loading stages are discussed here, whereas model simulations of subsequent shearing stages are discussed elsewhere ([24, 26] ). Model simulations were performed using the set of values for soil constants shown in Table 3 .
All simulations commenced from the same initial state A, corresponding to the end of the initial equalisation stage for those samples tested at a suction of 300 kPa, as shown in 
